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2015 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
_ SECTION I1, Part A
\__)_‘(__\lﬁ , . Time-—30 minutes
-?Qe + Number of problems—2
hw( A A graphing calculator is required for these problems.

e Flows N

2
1. The rate at which rainwater flows into a drainpipe is modeled by the function R, where} R(r) = 2051n(I—J

35
cubic feet per hour, ¢ is measured in hours, and Q s 7 = 8. The pipe is partially blocked, allowing water to drain .
pipe at a rate modeled by lp(t) = —0.041° + 047 + 0_96ti cubic feet per hour, for
ggt of water in the pipe at time t=0. COSe Flows Out

— -
(a) How many cubic feet of rainwater flow into the pipe during the 8-hour time interval 0 < ¢ < § 92
i P e et

b) Is thn the pipe iw attime ¢ = 3 hours? Give a reason for your
s eam—— T - )
answer. Devivedine !

(c) Atwhattime £, 0 < <8, is the amount of water in the pipe at a minimum? Justify your answer.

out the other end of the
0 =t < 8. There ary

(d) The pipe can hold 50 cubic feet of water before overflowing. For ¢ > 8, water continues to flow into and out

of the pipe at the given rates until the pipe begins to overflow. Write, but do not solve, an equation involving
one or more integrals that gives the time w when the pipe will begin to overflow,

(» -A‘mwm of wakel ¥nod FLOWS TN }
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AL ot RSN g, s wt
AR = R -D(H)
ABY = R(H =D |
2080(2) - (~0(%)%+ 4G 190(9) =
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Question 1

2
The.rate at which rainwater flows into a drainpipe is modeled by the function R, where R(¢) = 20sin [é—s} cubic

feet per hour, ¢ is measured in hours, and 0 < ¢ < 8. The pipe is partially blocked, allowing water to drain out the
other end of the pipe at a rate modeled by D(¢) = ~0.042% + 0.4t + 0.96¢ cubic feet per hour, for 0 < ¢ < 8.
There are 30 cubic feet of water in the pipe at time ¢ = 0.

(2) How many cubic feet of rainwater flow into the pipe during the 8-hour time interval 0 < ¢ £ 87

(b) Is the amount of water in the pipe increasing or decreasing at time ¢ = 3 hours? Give a reason for your
answer. '

[

{¢) At whattime ¢, 0 <t < 8, is the amount of water in the pipe at a minimum? Justify your answer,

{d) The pipe can hold 50 cubic feet of water before overflowing. For ¢ > 8, water continues to flow into and out

of the pipe at the given rates until the pipe begins to overflow. Write, but'do not solve, an equation involving -

one or more integrals that gives the time w when the pipe will begin to overtlow,

(a) IUSR(t) dt = 76570

5. 1 : integrand
| 1; answer
(b) R(3)-D(3)=-0313632<0 5. 1 : considers R(3) and D(3)

Since R(3) < D(3), the amount of water in the pipe is '
decreasing at time ¢ = 3 hours.

1 : answer and reason

{¢) The amount of water in the pipe at time ¢, 0 ¢ < §, is [ 1: considers R(¢t) - D(¢) =0

30+ [[[R(x) - D(x)] d. 314 Lo answer
0 ' 1 : justification

R(t)-D(t)=0 = t =0, 3.271658

t | Amount of water in the pipe
0 30

3.271658 27.964561
2 - 48.543686

The amount of water in the pipe is a minimum at time
t =3.272 {or 3.271) hours, )

@ 30+ ["TR@) - D)) dt = 50 . p ;| 1integral
0 1 : equation

-
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Plrametric €4ns.

2. Attime ¢ = 0, aparticle moving along a curve in the xy-plane has position (x(¢), y(¢)) with velocity vector
W) = ((.os(t ) ()Sr) @the particle is at the point (3, 5). _

(a} Find the x-coordinate of the position of the particle at time ¢ = 2.
- B ——— ——

(b) For 0 < t < |, there is a point on the curve at which t@to the curve has a slope of 2.
ime Js the object at that point? s £ sominn

. @ which tlof the particle is 3.
o . i T .
(d) Find the igial digiance traveled by the particle from time £ = 0 to time £ = 1.
N e —

W@ (st %) x(N=3 (D=5
)(‘H) y' ()

. x-CoDrd. of puSiton & ¢ 7 3

END OF PART A OF SECTION II

X(D) = XL j () ot
|

X2y =357 e b
R
X(2) -3 = -DUUD

l}}ﬂjﬁ?ﬂ

(9 +one = T oglope - % N
Sope Of %&n%»em - OV . £ | =7

UL e s
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Question 2

Attime ¢ 2 0, a particle moving along a curve in the xy-plane has position (x(¢), ¥(r)) with velocity vector

v(tj = (cos(tZ), eo.s:)_ At 1 = 1, the particle is at the point (3, 5).

(a) Find the x-coordinate of the position of the particle at time 7 = 2.

(b) For 0 < ¢ < 1, there is a point on the curve at which the line tangent to the curve has a slope of 2.
At what time is the object at that point?

{(c) Find the time at which the speed of the particle is 3.
(d) Find the total distance traveled by the particle from time ¢ = 0 to time ¢ = 1.

, 1:integral
(a) x(2)=3+ L cos(t*) dt = 2.557 (or 2.556) 3:< 1. uses initial condition
1: answer
dy dyjdt ¥ , :
(b e dx/dt = cos(:z) 7. 1 : slope in terms of ¢
1 : answer
0.51
=2
cos(tz) '
¢ = 0.840

(¢) Speed = 1/cosz (z‘z) +e 5. { i : speed in terms of ¢

1 : answer
cos’ (tz) +e =3

¢

£ =2.196 (or2.195)

1 7 . _
(d) Distance = [ foos(i*) + €' df =1.595 (or 1.594) 2: { 1+ integral
0 - | 1: answer

© 2015 The College Board.
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SECTIONII, Part B
Time—60 minutes

w\ﬂbﬁ | CALCULUS BC

Number of problems-—4

No calculator is allowed for (hese problems,

"\ tS

f
W\*g\gé S minutes) 0 | 12 ?o. | 24. 40
" 0 | 200 | 240 | 220 | 150 ‘ c@(f‘t\:\uﬁuﬁ
(meters per minute) : ‘_%)m&’\-fav\

3. Johanna jogs along a straight path. For 0 < ¢ < 40, | ohanna’ given by a(cﬁfferentiable functiog v.

Selected values$ of v(t), where 7 is measured in minutes and v(f) is measured in meters per minute, are given in
the table above. " '

o .
(a) Use the data in the table to estimate the value S\D@Q, 'D%\ N

(b) Using correct units, explain the meaning of the definite integr%l -[0 [v(1)| %1 in the context of the problem.

40 .
Approximate the value of -[0 [v(2)| dt using@‘@lmim the four subintervals indicated in the

table.

(¢) Bob is riding his bicycle along the same path. For 0 < ¢ < 10, Bob’s velocity is modeled by

\B =1 — 61 + 3001 where 1 is measured in minutes and B(¢} is measured in meters per minute.
Find Bob’s acgeleration at tif : :

(d) Based on the model B from ” ), nd Bob’uﬁng the interval 0 < ¢t < 10,
® ') = NEONUD) - gup-200 | 4O

10-4% ~  1o-17 B

© TPpmd 16 e bl dGONE o4 Tonano (o9,
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Question 3

£
(minutes)

(1)

(meters per H'linute)

0 - 12 20 24 40

0 200 | 240 | -220 | 150

Johanna jogs along a straight path. For 0 < ¢ < 40, Johanna’s velocity is given by a differentiable function v.
Selected values of v(¢), where ¢ is measured in minutes and v(#) is measured in meters per minute, are given in
the table above.

{a) Use the data in the table to estimate the value of v'(16).
40
(b) Using correct units, explain the meaning of the definite integral jo |v(£)] d¢ in the context of the problem.

Approkimate %}}e value of _J.:OI v(t)| d¢ using a right Riemann sum with the four subintervals indicated in the
table.
(c) Bob is riding his bicycle along the same path. For ¢ <7 <10, Bob’s velocity is modeled by
B(t) = -6t + 300, where ¢ is measured in minutes and B(¢) is measured in meters per minute.
Find Bob’s acceleration at time ¢ = 5.

(d) Based on the model B from part (¢), find Bob’s average velocity during the interval 0 < ¢ <10,

(&) v'(l6) = %}?’2&0 = 5 meters/min? 1 : approximation
0 .
{b) .‘.0 |w(¢)] dt is the total distance Johanna jogs, in meters, over the 1 : explanation

time interval 0 € ¢ < 40 minutes. . 3:4 1:right Riemann sum

1 : approximation

40 . '

J PO de = 12-[v(12)] + 8:[v(20)] = 4-[v(24)] + 16| (40}
=12-200 + 8240 + 4220 + 16150

= 2400 + 1920 + 880 + 2400
= 7600 meters

" (c) Bob’s acceleration is B'(t) = 3> —12¢. 5 { 1 :uses B'(¢)
B'(5)=3(25)-12(5) =15 meters/min’ | 1 answer
_ L s 2 : .
(d) Avgvel = Ejo (£ - 67 + 300) dt 1 : integral
LT 10 3:4 1: antiderivative
ﬁ{j -20 ¢ 3001’} 1 : answer
0

_ 1_16[__10300 ~ 2000 + 3000} = 350 meters/min

© 2015 The College Board.
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4. Consider the differential equatio

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.
PV Ve g v :
A . 0,20 5 26) - 2D

plua N e
gqusaoga N T (0,0 28) -\ = -}
€ eavh ot ™ ©,-D 2 2(B)-(-1) =

G | G, 2= 2(0) -a=0
B = / Q\, \) S LY -1 =

, an (\ 'i}") Q-L\E"("l‘}:%
(b) Find —Cj—;’ in terms of x and y. Determine th all solutlon curves for the given differential
ax

equation ir @ Give a reason for your answer.

(c) Let y = f(x) be the particular solution to the differential equation with the initial condition£(2) = 3,
Does f have a relative minimum, a relative maximum, or neither at x = 2 ? Justify your answer.
/‘\WW X

. - . | AN .
(dy Find the values of the constants m and & for Wth a solution to the differential equation.

O = a1k - oG - [Taay
Quaodrond L | = -

X 1S Negxhve A- A(-H)r(+#) =

\ 18 posthve O\ ‘l e BT

\/B Cbhca\lé’ UP
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Question 4

dy

Congsider the differential equation p 2x -y,

() On the axes provided, sketch a slope field for the givén di

2

tferential equation at the six points indicated.

{b) Find % in terms of x and y. Determine the concavity of all solution curves for the given differential -

- equation in Quadrant II. Give a reason for your answer.

(¢) Let y = f(x) be the particular solution to the differential equation with the initial condition F(2)=3.
Does f have a relative minimum, a relative maximum, or neither at x = 2 ? Justify your answer.

(d) Find the values of the constants m and » for which y = mx + b is a solution to the differential equation.

(a)

(b)

(c)

(d)

¥

|

—ES‘—“H*""’"-"—FI X

o/

d’y ., dy

— =2-—=—=2-(2x-y)=2-2x+y

a2 dx

In QuadrantIl, x <O and y >0, s0 2—2x+ p > (.

Therefore, all solution curves are concave up in Quadrant 11.

% =2(2)=3=1#0

(x »)=(2,3)
Therefore, f has neither a relative minimum nor a relative
maximum at x = 2.

y=mx+b = %=%(mx'+jl‘))=m
2X-y=m

2x - (mx+b)=m
(2-m)x—(m+b)=0
2-m=0=>m=2

b=-m = b=-2

Therefore, m = 2 and b = -2.

© 2015 The College Board.

[ 1:slopes where x =0
"{ 1:slopes where x =1

2
1, 4y
Y
1 : concave up with reason

1 :: considers ﬂ _
Fl(x, )=(2.3)

1 : conclusion with justification

. d o
1: dx(mx+b)—m
1:2x—yp=m
I:answqr
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;\where k is a nonzero constant. The derivative of f is given by

(z;.) Let k = 3, sothat f{x) =

1 i Write an@n for the line ta@ the graph of f at the point
x° ~3x
whose’x-coordinate is 4.’ ,

(b) Le

) so that f(x) = 3 . Determine whether f has a relative minimum, a relatlve maximum, or
X% - 4x

neither at x = 2. Justify your answer.

(c) Find.the value of &k for which f hds a@al point at x = -5,

(d) Let k = 6, sothat f(x)=

. Find the partial fraction decomposition for the function .
x°—6x SN NN

Find [ f(x) dx.

@ \(:3 ) =

CX*-PHX

. - - = \‘“—\—‘" S N |
by s x=% N -3 -1z~ |

SBLt B Leox w22

-y

g H-aX =0
Lty 3

N
© 2015 The College Board
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Question 5
Consider the function f(x) = 3 ! Pt where k is a nonzero constant. The derivative of £ is given by
x° —kx .
. k-2x
filx) = =2 .
(x - lcx)
(a) Let k =3, sothat f(x)=— 1 . Write an equation for the line tangent to the graph of £ at the point
x° ~3x :
whose x-coordinate is 4.
(b) Let £ = 4, sothat f(x)= 3 1 2 . Determine whether J has a relative minimuim, a relative maximum, or
x° —4x :

neither at x = 2. Justify your answer.

(¢) Find the value of & for which f has a critical point at x = —5.

(d) Let & = 6, so that f(x) = . Find the partial fraction decomposition for the function £,

x* — 6x
Find [ f(x) dx.

N S § y=_S-24 5 .
(a) f(4)—m—4 f(4)—(42_3‘4)2ﬂ T 2:{1.Slope

1 : tangent line equation
An equation for the line tangent to the graph of £ at the point

whose x-coordinate is 4 is y = —%( x—4)+ %

oy 4=2x yoy . A=22 o
(b) f(x)—m f(z)"m-0 25{l.consmlers F(2)

J'(x) changes sign from positive to negative at x = 2.
Therefore, f has a relative maximum at x = 2.

1 : answer with justification

=2.(-5)

() f'(-3)= ; ——=0=k=-10 1: answer
((-5)" ~&:(-5))
1 1 4 B : . . o
(d) — = ==+ = 1=A(x—-6)+ Bx 2 ; partial fraction decomposition
-6y xx-6) x x-6 4: e
1 ' 2 : general anliderivative

x:0:>l=A-(—6):>A=—6

x=6=1=B.(6) = B=1

L _-ye, 1/6
x(x—6) x x=6

freram (L8415 4

x—6
1

1 1
= —Ehﬂx| + gln|x -6|+C= Eln

x—6
x

+C

© 2015 The College Board.
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o A <1 ) S 3, -3,
6. The Maclaurin series for a function f is given by Z——n—x =X +3x° ot ety + -y and
n=] k_ ‘ :

converges to f(x) for |x| < R, where R_is the radius of convergence of the Maclaurin series.
P W S

(a) Use tho find B,

(b) Write the first foUIonzZets téms of the Maclaurin series forzmne derivative of f. Express f” asa
rational function for |x| < R.
NIRRT

(c) Write the fnms of the Maclaurin series fse the Maclaurin series for ¢” to write
-t third- degregdTaylor polynomial for g{x) = ¢* f(x) about x = 0.
XS
‘ ' v | |
@ N (%\'f(x . N
% (ax) (%‘3)"(“' X
ICRE T N 3xlim\ﬂ‘):a
(At D | NA be

Wy
N oo

o
STOP | X473 iEm

© -5 [ TN
=y

) "X = (D =0

nza: 9= (3%

A2
EIRT ARG

vh

N

y-tog-y
n - Lt ; L-— ?) )( - © 2015 The College Board.
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Question 6

- o o (- 3)" - 3, (=3)""!
The Maclaurin series for a function f is given by Z =x=5x +3x° o+ o
n=l

converges to f(x) for |x| < R, where R is the radius of convergence of the Maclaurin series.

x" + .- and

(a) Use the ratio test to find R,
{b) Write the first four nonzero terms of the Maclaurm series for f”, the derivative of . Express [’ asa

rational function for |x| < R.

(¢} Write the first four nonzero terfns of the Maclaurin series for e*. Use the Maclaurin series for e* to write

the third-degree Taylor polynomial for g(x) =e" f(x) about x = 0.

(a) Let @, be thé nth term of the Maclaurin series. 1 : sets up ratio
- 3.4 1: computes limit of ratio
( 3)n -+l " —3n ) ]
Dnsl = X . 1 : determines radius of convergence
a, B+l (_3)”-1 £t a+l ’
lim x| = 3|x]
naam|# + 1

3| <1 = [x] < 3

The radius of convergence is R = %

(b) The first four nonzero terms of the Maclaurin series for /' are ) { 2 : first four noﬁzero terms
1=3x +9x% — 27x° 1 : rational function
N 1 _‘ 1
fix) = 1=(33x) " T+3x

(¢} The first four nonzero terms of the Maclaurin series for e* are 1': first four nonzero terms

23 L
1+ x4+ TR X 3:¢  ofthe Maclaurin series for e

: 2 : Taylor polynomial
The product of the Maclaurin series for ¢* and the Maclaurin
series for f is

2 3
X 2323
[1+x+21+3 + J(x 2x + 3x )

=x—%x2+2x3+---

The third-degree Taylor polynomial for g(x) = e f(x)

about x =0 is T3(x) =x - %xz + 2%,

© 2015 The College Board.
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